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1 Introduction 



It is well known that Doob-Meyer decomposition and Ito's formula are essential in 
the study of stochastic dynamics. In the framework of Dirichlet forms, the cele- 
brated Fukushima's decomposition and the corresponding transformation formula 
play the roles of Doob-Meyer decomposition and Ito's formula, which are available 
for a large class of processes that are not semi-martingales. The classical decom- 
position of Fukushima was originally established for regular symmetric Dirichlet 
forms (cf. |1] and |5l Theorem 5.2.2]). Later it was extended to the non-symmetric 
and quasi-regular cases, respectively (cf. |T6l Theorem 5.1.3] and [121 Theorem 
VI. 2. 5]). Suppose that {S,D{S)) is a quasi-regular Dirichlet form on L'^{E;m) 
with associated Markov process ((Xt)t>o, {Px)xeE^) (we refer the reader to [12], [S] 
and [13] for notations and terminologies of this paper). If m G D{S), then there 
exist unique martingale additive functional (MAF in short) M^"' of finite energy 
and continuous additive functional (CAF in short) A^'''] of zero energy such that 

n(X,)-n(Xo) = Afi"]+A^i"l, 

where u is an £^-quasi-continuous m- version of u and the energy of an AF A := 
{At)t>Q is defined to be 

e(A):=limii?^[42] (i.i) 

whenever the limit exists in [0, oo]. 

The aim of this paper is to establish Fukushima's decomposition for some Markov 
processes associated with semi-Dirichlet forms. Note that the assumption of the 
existence of dual Markov process plays a crucial role in all the Fukushima-type 
decompositions known up to now. In fact, without that assumption, the usual 
definition fll.ip of energy of AFs is questionable. To tackle this difficulty, we 
employ the notion of local AFs (cf. Definition 12.21 below) introduced in [S] and 
introduce a localization method to obtain Fukshima's decomposition for a class of 
diffusions associated with semi-Dirichlet forms. Roughly speaking, we prove that 
for any u G D{S)i^^, there exists a unique decomposition 

«(XO-u(Xo) = Mj"] + ArM, 

where G M^J^ and A^^ G Xc,ioc- See Theorem [23] below for the involved 
notations and a rigorous statement of the above decomposition. 

Next, we develop a transformation formula of local MAFs. Here we encounter the 
difficulty that there is no LeJan's transformation rule available for semi-Dirichlet 
forms. Also we cannot replace a 7-co-excessive function g in the Revuz corre- 
spondence (cf. f l2.2p below) by an arbitrary g G B^{E) fl D{S), provided the 
corresponding smooth measure is not of finite energy integral. Borrowing some 
ideas of [9] Theorem 5.4] and [T6| Theorem 5.3.2], but putting more extra efforts, 
we are able to build up an analog of LeJan's formula (cf. Theorem 13.41 below) . By 
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virtue of LeJan's formula developed in Theorem 13 .4^ employing again the localiza- 
tion method developed in this paper, finally we obtain a transformation formula 
of local MAFs for semi-Dirichlet forms in Theorem 13.101 

The main results derived in this paper rely heavily on the potential theory of 
semi-Dirichlet forms. Although they are more or less parallel to those of symmetric 
Dirichlet forms, we cannot find explicit statements in literature. For the solidity 
of our results, also for the interests by their own, we checked and derived in detail 
some results on potential theory and positive continuous AFs (PCAFs in short) 
for semi-Dirichlet forms. These results are presented in Section |5] at the end of this 
paper as an Appendix. In particular, we would like to draw the attention of the 
readers to two new results. Theorem 15.31 and Lemma 15.91 

The rest of the paper is organized as follows. In Section [2], we derive Fukushima's 
decomposition. Section |3] is devoted to the transformation formula. In Section HI 
we apply our main results to some concrete examples. In these examples the usual 
Doob-Meyer decomposition and Ito's formula for semi- martingales are not avail- 
able. Nevertheless we can use our results to preform Fukushima's decomposition 
and apply the transformation formula in the semi-Dirichlet forms setting. Section 
Ois the Appendix consisting of some results on potential theory and PCAFs in the 
semi-Dirichlet forms setting. 

2 Fukushima's decomposition 

We consider a quasi-regular semi-Dirichlet form {S,D{S)) on L'^{E;m), where E 
is a metrizable Lusin space (i.e., topologically isomorphic to a Borel subset of a 
complete separable metric space) and m is a a-finite positive measure on its Borel 
cr-algebra B{E). Denote by {Tt)t>o and {Ga)a>o (resp. (Tf)f>o and (Ga)a>o) the 
semigroup and resolvent (resp. co-semigroup and co-resolvent) associated with 
{£,D{£)). Let M = (fi, J", (Ji)t>o, (^t)t>o, {Px)x(^Ei,) be an m-tight special stan- 
dard process which is properly associated with {S,D{S)) in the sense that Ptf is 
an £^-quasi-continuous m-version of Ttf for all / G Bb{E) fl L'^{E; m) and all t > 0, 
where {Pt)t>o denotes the semigroup associated with M (cf. [131 Theorem 3.8]). 
Below for notations and terminologies related to quasi-regular semi-Dirichlet forms 
we refer to [12] and Section [S] of this paper. 

Recall that a positive measure /i on {E, B{E)) is called smooth (w.r.t. D{S))), 
denoted by /i G 5, if fi{N) = for each ^^-exceptional set N G B{E) and there 
exists an £^-nest {Fk} of compact subsets of E such that 

/i(Ffc) < oo for all A; G N. 

A family {At)t>o of functions on Q is called an additive functional (AF in short) of 
M if: 

(i) At is J-^-measurable for alH > 0. 
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(ii) There exists a defining set A G J-" and an exceptional set C £" which is 
^^-exceptional such that Px[A] = 1 for all x G E\N, 9t{A) C A for alH > and 
for each G A, t — At{uj) is right continuous on (0, oo) and has left limits on 
(0,C(w)), Ao{u) = 0, \At{u)\ < oo for t < C(w), At{u) = for t > C(w), and 

A+sM = AM + ^(M, Vs,t>o. (2.1) 

Two AFs A = {At)t>o and B = {Bt)t>o are said to be equivalent, denoted by 
A = B, ii they have a common defining set A and a common exceptional set N 
such that Atioj) = Btiuj) for all w G A and t > 0. An AF A = {At)t>o is called a 
continuous AF (CAF in short) if t — >■ ^^(0;) is continuous on (0, 00). It is called a 
positive continuous AF (PCAF in short) if At{u) > for all t > 0, w G A. 

In the theory of Dirichlet forms, it is well known that there is a one to one cor- 
respondence between the family of all equivalent classes of PCAFs and the family 
S (cf. [5]). In [3], Fitzsimmons extended the smooth measure characterization of 
PCAFs from the Dirichlet forms setting to the semi- Dirichlet forms setting. Ap- 
plying [21 Proposition 4.12], following the arguments of [3, Theorems 5.1.3 and 
5.1.4] (with slight modifications by virtue of [13l|lll[T0] and [H Theorem 3.4]), we 
can also obtain a one to one correspondence between the family of all equivalent 
classes of PCAFs and the family S. The correspondence, which is referred to as 
Revuz correspondence, is described in the following lemma. 

Lemma 2.1. Let A be a PCAF. Then there exists a unique /i G S", which is referred 
to as the Revuz measure of A and is denoted by fiA, such that: 

For any '-/-co-excessive function (7 > 0) in D{£) and f G B^{E), 

lim^Eg.„((/A)i)=</-/i,^>. (2.2) 

Conversely, let E S, then there exists a unique (up to the equivalence) PCAF A 
such that /i = fiA- 

See Theorem 15.81 in the Appendix at the end of this paper for more descriptions 
of the Revuz correspondence f l2.2p . 

From now on we suppose that {£,D{S)) is a quasi-regular local semi- Dirichlet 
form on L'^{E]m). Here "local" means that S{u,v) = for all u,v G D{S) with 
supp[m] n supp[t'] = 0. Then, {S,D{S)) is properly associated with a diffusion 
process M = (fi,^, {J't)t>o. (^t)t>o, {Px)xeE^) (cf. m Theorem 4.5]). Here "dif- 
fusion" means that M is a right process satisfying 

Px[t — )■ Xt is continuous on [0, Q] = 1 for all x E E. 

Throughout this paper, we fix a function G L^{E; m) with < < 1 m-a.e. and 
set h = h = Gi(j). Denote tb := inf{t > \ Xt ^ B} ior B C E. 

Let be a quasi-open subset of E. We denote by X^ = {XY)t>o the part process 
of X on y and denote by {S^ , D{S)v) the part form of {S, D{S)) on L'^{V; m). It is 
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known that is a diffusion process and , D[£)y) is a quasi-regular local semi- 
Dirichlet form (cf. [lU]). Denote by {TY)t>o, (T,^)i>o, {Gl)a>o and (GD„>o the 
semigroup, co-semigroup, resolvent and co-resolvent associated with , D{£)v), 
respectively. One can easily check that h\v is 1-co-excessive w.r.t. {£^ , D{£)v). 
Define hX := h\v A GXcj). Then Iv e D[£)v and Iv is 1-co-excessive. 

For an AF A = {At)t>Q of X^, we define 

e^(A):=limiE,v.„(A?) (2.3) 

whenever the limit exists in [0, oo]. Define 

:= {M I M is an AF of X^, ^^.(M^) < cx), ^^(M^) = 
for alH > and £-q.e. x eV, e^(M) < oo}, 

A/7 := {AT I AT is a CAF of X^, ^^(1 A"*!) < oo for alH > 
and £-q.e. x eV, e^{N) = 0}, 

O := {{Vn} I Vn is £^-quasi-open, K C K+i i^-g.e., 
V n G N, and E = U^^^K £-q.e.}, 

and 

^(^Lc - {n I 3 {K} G e and K} C Z^(^) 

such that u = Un m-a.e. on Vn, V n G N}. 

For our purpose we shall employ the notion of local AFs introduced in [5] as follows. 

Definition 2.2. (cf. /3, page 226]) A family A = {At)t>o of functions on Q is 
called an local additive functional (local AF in short) o/ M, if A satisfies all the 
requirements for an AF as stated in above (i) and (ii), except that the additivity 
property /i2.1\) is required only for s,t > with t + s < C{u}). 

Two local AFs A^^\ A^^) are said to be equivalent if for £-q.e. x G E, it holds 
that 

P,(AS')=Af);t<C) = Px(t<C), Vt>0. 

Define 

Mioc ■■= {M I M is a local AF of M, 3 {1/„}, {K} e 6 and {M" | e M^"} 
such that En C K, Mt^,^^ = MIX^^^ , t > 0, n G N} 

and 

K,ioc ■■= {N\N is a local AF of M, 3 {K}, {En} e © and {X" | X" G TVj"} 
such that En C K, NtAr^^ = N^^^^^, t>0, neN}. 

We use J^l'^f^ to denote the family of all local martingales on [0, CI (cf. [HI §8.3]). 
We put the following assumption: 
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Assumption 2.3. There exists {Ki} £ © such that, for each n G N, there exists 
a Dirichlet form {r]^'^\ D{r]^'^^)) on L'^{Vn]m) and a constant Cn > 1 such that 
L)(ryW) = D{S)v„ and for any u G B{E)y^, 

-^T]C\u,u) < Si{u,u) < Cny]t\u,u). 

Now we can state the main result of this section. 

Theorem 2.4. Suppose that {S,D{£)) is a quasi-regular local semi- Dirichlet form 
on L'^{E;m) satisfying Assumption \2.3[ Then, for any u G D{£)i^^, there exist 
G Mioc and A^M G K,ioc such that 

u{Xt) - u{Xo) = Mf"^ + iVj"l, t > 0, P^-a.s. for S-q.e. x e E. (2.4) 

Moreover, G Mf^f^. 

Decomposition ^2.4\ ) is unique up to the equivalence of local AFs. 

Before proving Theorem \2A\ we present some lemmas. 

We fix a G 6 satisfying Assumption 12. 3[ Without loss of generality, we 

assume that h is bounded on each Vn, otherwise we may replace Vn by Vnr\{h < n}. 
To simplify notations, we write 

hn:=h^", and D{S)v„,b := Bb{E) n D{S)v„. 

By the definition (12. 3p . employing some potential theory developed in the Ap- 
pendix of this paper (cf. Lemma [5.91 Theorem 15.81 and Theorem 15.31) . following 
the argument of [5l Theorem 5.2.1], we can prove the following lemma. 

Lemma 2.5. A1^" is a real Hilbert space with inner product e^"- . Moreover, if 
{Ml} C A^^" is e^'^-Cauchy, then there exist a unique M G Al^" and a subsequence 
{Ik} such that limfc_j,oo e^"(M;j. — M) = and for £-q.e. x G Vn, 

P-r( lim Mi^{t) = M{t) uniformly on each compact interval of [0, oo)) = 1. 

k—^oo 

Next we give Fukushima's decomposition for the part process X^". 

Lemma 2.6. Letu G D{S)v„,b- Then there exist unique M"'["] G Al^" and N""^""^ G 
A/2" such that for S-q.e. x G Vn, 

m(X,^")-S(Ao^") = M,"'["]+A,"'["], t>0, P,-a.s. (2.5) 

Proof Note that if an AF A G M^" with e^"(A) = then fi^^l^iK) = 2e^"{A) = 
by Theorem 15.81 in the Appendix and (12.31) . Here denotes the Revuz 

measure of A w.r.t. X^". Hence < A >= since hn > S-q.e. on Vn. Therefore 
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j\ylVn Pi j\fVn — |gj gj^^ ^Yie proof of the uniqueness of decomposition (12.50 is 
complete. 

To obtain the existence of decomposition (12.51) . we start with the special case 
that u = R^"f for some bounded Borel function / G L'^iVn] m), where {RY")t>o is 
the resolvent of X^". Set 

Then 7V"'M e A/7" and M"'["l G M^". In fact, 

= lun^^E-,^.J{l\u-f){XY")dsr] 
< \ym^E-,^.jl\u-f)\xY")ds] 



Vr 



= \im\[f f KTj-{u- ffdmds] 

40 / Jq Jv„ 

= limhf [ {u- fffY-hndmds] 

< ||n - /||oolimi[ / / \u - f\fY''hndmds] 

< \\u-f\U\\m\[j\j {u-ffdmfl\j {fJ-Kfdmf/'ds] 

^ Jo JV„ JVn 

< h-f\u[ {u-ffdmf/^l hldmy/Himi 

= 0. (2.7) 

By Assumption ESI G D{£)v„,b and uhn G D{S)v„^b- Then, by (ESD, (EZD, [D 
Theorem 3.4] and Assumption 12.31 we get 

e^"(M"'["]) 

= lim{^(u/i„, n - T^-n) - ^(hn, - T^-u^)} 

< KCnEY-{u,uf/W\u\U£Y-{Khnf'^ + \\K\UEY-{u,uY/^), (2.8) 
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where K is the continuity constant of {S,D{S)) (cf. f lS.ip in the Appendix). 
Next, take any bounded Borel function u G D{S)v„- Define 

ui = lR]^-^u = RX-gi, gi = l{u- IR]^+^u). 

By the uniqueness of decomposition (12. 5p for n^'s, we have M"''"'^ — M"''"'^^ = 
^n,[ui-uk]_ Then, by (^M>, we get 

< KCn£^-{ui - Uk,Ul - Ukf'W\ui - Mfc||oo^^(/l„, Kf'^ 
+ \\hn\\oo£l" {Ul - Uk,Ui - UkY^"^). 

Since ui G D{£)v„, bounded by ||m||oo, and convergent to u, we conclude that 
|M"'["']} is an e^"-Cauchy sequence in the space ji4^". Define 

M'^'l'^l = hm iVf^'l"'] in {M^\e^"), iV"''"] = u{X^") - u{X^") - M"'["l. 

l—^oo 

Then M"'M G M^" by Lemma ESI 

It only remains to show that A^"'["l G A/'J^". By Lemma [5.61 in the Appendix and 
Lemma [2. 5[ there exists a subsequence {Ik} such that for S-q.e. x G Ki, 

P^.(A^"'f"'fe' converges to A^"'["l uniformly on each compact interval of [0, oo)) = 1. 

From this and (12.61) . we know that A^"'["l is a CAF. On the other hand, by 

we get 

which can be made arbitrarily small with large / by (12.81) . Therefore e^"(A^"'["') = 
and A^"'M G 7V7". □ 

We now fix a M G D{S)i^^. Then there exist {V^^} G 6 and {«„} C D{S) such 
that u = Un m-a.e. on V^. By [131 Proposition 3.6], we may assume without loss 
of generality that each m„ is £^-quasi-continuous. By [131 Proposition 2.16], there 
exists an £-nest {F^} of compact subsets of E such that {un} C C{F^^}. Denote 
by 1/2 the finely interior of for n G N. Then {V^} e O. Define = D 
Then {V^} G 9 and each Un is bounded on V^. To simplify notation, we still use 
K to denote K n for n G N. 

For n G N, we define E^ = {x G E \hn{x) > -}, where /i„ := Gi"(f). Then 
G O satisfying i?^ C E^+i £-q.e. and E^ C Vn £-q.e. for each n G N (cf. [TUl 
Lemma 3.8]). Here -E^ denotes the quasi- closure of Define = n/i„ A 1. 
Then = 1 on En and = on 1/^. Since is a 1-excessive function of 
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(S^",D{S)vJ and /„ < nhn G D{S)v,^, hence e D(S)v„ by [H Remark 3.4(ii)]. 
Denote by Qn the bound of on Then m„/„ = ((— Qn) V u„, A Qn)fn £ 

For n G N, we denote by {J^"} the minimum completed admissible filtration of 
XVn_ Pqj. 7^ < j^^ (2 J^l C J't. Since En C t^;^ is an { J'^j-stopping time. 

Lemma 2.7. For n < I, we have M^i^^f ^ = M,'>^1 and = ^t^'', 

i > 0, Px-a.s. for S-q.e. x G Ki. 

Proof. Let n < I. Since M"'[""-^"] G TVI^", M"''[""'^"1 is an {J^"}-martingale by the 
Markov property. Since r^;^ is an {J-J'j-stopping time, {M"^^^^^"^} is an {J-'JXte }' 
martingale. Denote = cr{X]^rE„ I < s < t}. Then {M"'|^"-''"]} is a {TJ*}- 
martingale. Denote T"'' = ajx]^^^ | < s < t}. Similarly, we can show that 
^][fi,[unfn]^ is a {T"''}-martingale. By the assumption that M is a diffusion, the 

En 

fact that fn is quasi-continuous and = 1 on we get fn{XsATE„) = 1 if 
< s A r£;„ < C- Hence Xsate„ G K, if < s A te,, < C, since = on V^- 
Therefore 

XXe„ = X^^rE,^ = XY;:,^^, P,-a.s. for £-g.e. X G K, (2.9) 
which implies that {M''[""-^"]} is a {T"}-martingale. 
Let N G A/'c^^ for some j G N. Then, for any T > 0, 

[rT] [rT] 

fc=i fc=i 

[rT] 

< Ve^(E.(iV|),/.,) 



fc=i 

< rTe^E;,^,.^(A^?) ^ as r ^ oo. 



Hence 



[rT] 

E(A^fc+i - iVfc)^ -^0, r -> oo, in P^, 

which implies that the quadratic variation process of w.r.t. Pm is 0. 

By [ini Proposition 3.3], {Gx<^)\. = G^cj) - G\"(j). Since D {GicpYv. > 
{Gi(j)yy.. Then < ^^'0 and thus 

hn < hi. (2.10) 

Therefore 

e^"{A) <e^'{A) (2.11) 
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for any AF A = {At)t>o of X^-. 

Note that N^tJ:^ = {Zfn){XrkrJ " - M.^^f"' G T^'^ = C 

. By the analog of [5], Lemma 5.5.2] in the semi-Dirichlet forms setting, 

{N];£t^} is a CAF of X^- . By dm]), e^"(<[-f"^) < e^K<[-f"]) = 0. 

Hence {N\')yJ^^^^)t>Q G A/"/", which imphes that the quadratic variation process 

of {Nlilllf} w.r.t. P„ is 0. Since for 8-q.e. x E K, by ([23]), 

and both {M"'[""-^"l} and {M'-l""^"]} are {T^}-martingale, hence M"xJt"-^"^ = 

Mj;[^;;["^ and Ar^Xt/"^ = ^tfef"^, Px-a.s. for m-a.e. x G K- This imphes 
that E^{< M."i^"/"' - M.y";f"' >t) = 0, Vt > 0. Then, by Theorem ElKi) in 
the Appendix, M^'^xJ^"/"' = M\illl^\ Vt > 0, P^-a.s. for ^-g.e. x G K- Hence 

Since Un/n = ^«// = on En, similar to [Til Lemma 2.4], we can show that 
^i^,[unfn] ^ j^iAnh] ^^^^ t<TE^, P^-a.s. for £-g.e. x G V^. If te,, = (, then by the 
fact Unfn{X^') = uifi{X^') = and the continuity of A"'''""^"' and Nl'^'"f'\ one finds 
that M^'^'j^^-^"' = mI'^^'J'K By the quasi-continuity of Unfn, Uifi and the assumption 
that M is a diffusion, one finds that M'''""-^"! and M''["''^'l are continuous on [0, (), 
P^-a.s. for 8-q.e. xeVi. Hence, if te^ < ( we have m!£"^"' = m'£'^'1 Therefore 

^n,K/„] ^ ^,[.^1 ^n,[.„/„] ^ ^,[.^]^ ^ ^ l ^_^2 X G K. □ 

Proof of Theorem Q We define m]"!.^^ := lim/^oo M^X^"^'' and m]"' := for 
t > C if there exists some n such that r^;^ = C, and C < C)o; or m|"' := for t > 
otherwise. By Lemma |2T1 is well defined. Define := ]Vf;;;^^'^[""+^^"+i] 

for t > and n G N. Then Mj^t^^ = Mf^^^^ P^-a.s. for £"-^.6. x G K+i by 

Lemma 12.71 Since E^ C -En+i C Vn+i £-q.e. implies that Pxi^En = 0) = 1 for 
X ^ Vn+i, mIiI^^ = MJXr^^ P^-a.s. for S-q.e. x e E. Similar to fl2:T0|) and 
fICT]) . we can show that e^"(M") < e^"+i(M") for each G N. Then M" e M^^ 
and hence G Mioc- Define A"]"^ = m(Xj) - u{Xq) - mJ"'. Then, we have 

N\t,^ = \iTivi^^N[t'£. Moreover A^M g A4,«oc. 

Next we show that M" is also an {J-'t}-martingale, which implies that M^"' G 
A^J°^''^. In fact, by the fact that te„ is an {J7^"''"'^}-stopping time, we find that 
Ite„<s is J^sate -measurable for any s > 0. Let < si < ■ ■ ■ < < s < t and 
g G Bb{R''). Then, we obtain by I^M) and the fact M"+1'[""+i-^"+i] G M^"+^ that 
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for 8-q.e. x G Ki+i, 

M^g{X,„...,XsJdP, 

= I M^giX,,, . . .,XjdP, + I M^g{X,„ . . .,XjdP, 

•J Tr„ <S J T-p.„ ~>S 



M:g{X,„...,XjdP, 



Jn 

I M:g{X,„...,XjdP, 



n 



^^^SAte,, yy^SlATE,, 5 • • • 5 ^SkATE,, )^TE„>SU^X 



I M:g{X,„ . . .,XjdP, + I M^giX,,, . . .,XjdP, 



M:g{X,„...,X,JdP,. 

Obviously, the equality holds for x ^ V^+i- Therefore, M" is an {J-'i}-martingale. 

Finally, we prove the uniqueness of decomposition (12.41) . Suppose that G 
Adioc and G Mc,ioc such that 

u{Xt) - u{Xo) = Ml + Nl, t > 0, P^-a.s. for ^-g.e. x G ^. 

Then, there exists {En} G such that, for each n G N, {(M'^l — M-'^)/|o,7-b^]} is a 
square integrable martingale and a zero quadratic variation process w.r.t. Pm- This 
implies that Pm{< (M^ - M^)Ip^^^j >t= 0,Vt G [0,oo)) = 0. Consequently by 
the analog of [5l Lemma 5.1.10] in the semi-Dirichlet forms setting, Px{< (M^"! — 
Mi)/[o,^^j >t= 0,Vt G [0,cx))) = for ^-g.e. x e E. Therefore m]"' = M^, 
< t < te„, Px-cl-s. for £^-g.e. x E E. Since n is arbitrary, we obtain the uniqueness 
of decomposition fl2.4l) up to the equivalence of local AFs. □ 



3 Transformation formula 



In this section, we adopt the setting of Section 2. Suppose that {£, D{£)) is a quasi- 
regular local semi-Dirichlet form on E^{E\ m) satisfying Assumption 12. 3[ We fix a 

{Vn} G satisfying Assumption 12.31 and satisfying that h is bounded on each Vn- 
Let X^", {S^", D{S)v„), hn, etc. be the same as in Section 2. For u G D{£)v„,b, we 
denote by /il^2> the Revuz measure of < M"'["l > (cf. Lemma 12.61 and Theorem 
15.81 in the Appendix). For u,v E D{£)v„,b, we define 

._ If,/") 1 rsi^ 

h''<u,v> ■— 2\r''<"+'"> /^<«> h''<v>)- \'~'-^) 
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Lemma 3.1. Let u,v,f G D{S)vn,b- Then 

[ fdfi'^<l.^ = S{u,vf) + £{v,uf)-£{uv,f). (3.2) 

JVn 

Proof. By the polarization identity, (13. 2 p holds for u,v, f E D{£)v„,b is equivalent 
to 

/ fdfi^:L = 2£{u,uf)-£{u',f), \fu,f eD{S)v^,,. (3.3) 
Jv„ 

Below, we will prove (13. 3p . Without loss of generality, we assume that / > 0. 

For fc,/ e N, we define h := f A (kK) and h,i := lG'[;Jk- By [H (3.9)], 
fk e D{8)v„^b and 

£iUkJk)<£iU\fk)- (3.4) 
By [121 Proposition III. 1.2], f^ i is (/ + l)-co-excessive. Since hn is 1- co-excessive, 

< fk,i < kK. (3.5) 

Hence fk,i € D(£^)y„,b by noting that hn is bounded. 
Note that by ([33D 

limi^;,,,.„[(iVr'M)2] < HimiE,„.^[(iVf'M)2] = 2fce^"(iV"'M) = 0. (3.6) 
Then, by Theorem 15. 8( i) in the Appendix and ( 13. 6p . we get 
/ hM<l> = lim^E/,,,^[<M"'M>^] 

= limli?,,,,^^[(S(Xr")-S(Xo^"))^] 

2 1 
= lim -(u/fcj, M - Pj^"u) - lim j{fk,u - PY'^u^) 

= 2S{u,uh,i)-S{u\h,i). (3.7) 

By [121 Theorem 1.2.13], for each A; G N, fk,i fk in £'(^)y„ as / ^ oo. 
Furthermore, by Assumption 12. 3[ [T2l Corollary 1.4.15] and (13. 5p . we can show that 
supi>iS{ufk,i,ufk,i) < oo. Thus, we obtain by [121 Lemma 1.2.12] that ufk^i — )• ufk 

weakly in D{S)v„ as / ^ oo. Note that Jy^ Kdii^l^ = 2e^"(M"'M) < oo for any 
u G D{S)v„,b- Therefore, we obtain by (13.71) . (13.51) and the dominated convergence 
theorem that 

/ fkdfi^<L = 2S{u,ufk)-S{u',fk), WeD{S)v„^k. (3.8) 

By (13.41) and the weak sector condition, we get supj^y^ Si{fk, fk) < oo. Fur- 
thermore, by Assumption 12.31 and [T2l Corollary 1.4.15], we can show that 
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sup,^-^^£{ufk,ufk) < oo. Thus, we obtain by [121 Lemma 1.2.12] that fk ^ f 
and ufk — )■ uf weakly in D{S)v„ as /c — )■ oo. Therefore fl3.3p holds by f l3.8p and 
the monotone convergence theorem. □ 

For u e D{S)y^ ^, we denote by M"'["l''^ and M'^''"'''^ the continuous and killing 

parts of M"'["], respectively; denote by /i<^> and /i<^> the Revuz measures of 
< M^'M'^ > and < M"'^''^ >, respectively. Then M'^'M = M"'["l'^ + M'^'^''^ with 

M"'M'^' = -S(^^^:,_)/{c(")<*} - (-n(Xj:,_)/^^,„,<,})^ 

where C^"^ denotes the life time of X^" and p denotes the dual predictable projec- 
tion, and 

,,(") _ .n,c n,k /o 

h''<u> ~ P<M> ' H'Kuy- W-^J 

Let (A^^"^(x, dy), H^"^^) be a Levy system of X^" and z/^"-' be the Revuz measure of 
Define K^^'^dx) := iVW(x, A)i/(")(c/x). Similar to [3 (5.3.8) and (5.3.10)], 
we can show that 

<^n,M,fc>^ = («2(x^^;,JJ^(„)<,)^' 

= /" u^iX^")N^''\X^-,A)dHl''^ (3.10) 



and 

For u,v E D{S)v„,b, we define 



""tyidx) =u\x)K^''\dx). (3.11) 



1 1 

71, c / n,c n,c n,c \ n,k / n,k n,k n,k \ (o ^ n\ 

f^<u,v> '■— '^\l^<u+v>~ l^<u>~ l^<v>)) f'<u,v> '■— 2 v/^<"+f> ~ A''<'"> ~" ^<f>/- l-J'-L^j 

Theorem 3.2. Let u,v,w E D{S)v„,b- Then 

Proof. By quasi-homeomorphism and the polarization identity, (13.13^ holds for 
u, V, w G D{£)v„,b is equivalent to 

/ /^/^<«2^>=2/ fud^<u,w>, Wf,u,w e D{£)v„,b- (3.14) 
Jvn ' Jy„ 

By ([311]) and fl3:9D- fl312D . we find that ( KWf is equivalent to 



'Vn 



~fdl^<l^>+ I fu'wdK^''^ =2 [ fudfi^^l^:,, \/f,u,weD{S)v„,b. (3.15) 



For e N, we define ffc := kR^y^^u. Then — m in D(£^)y„ as — > oo. By 
Assumption 12.31 and [12], Corollary 1.4.15], we can show that s\x\)f.y]^£{vkW,Vkw) < 
oo. Then, by [121 Lemma 1.2.12], there exists a subsequence {(vfcJ}/eN of {wfcjfceN 
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such that UkW — j- uw in D{S)v„ as /c — j- oo, where Uk := j: Yl'i=i '^fcr Note that Uk — )■ 
u in D{S)v„ as /c — oo and ||ufc||oo < ll^lloo for /c G N. Moreover, ||L^"Mfc||oo < oo 
for G N, where L^" is the generator of X^". 

By Assumption 12.31 and fl2[ Corollary 1.4.15], we can show that 
supk>i[^{ukfw,Ukfw) + £{ulf,ulf)+S{ukf,Ukf)] < oo. Then, we obtain by [121 
Lemma 1.2.12] that Ukfw — )■ ufw, u\f — )■ f and m^/ — > uf weakly in D{£)v^ as 

— 7- oo. Hence by (13. 2p and the fact ?,\v^k>i[^i.'^kfw,Ukfw) + S{ukf,Ukf)] < oo 
we get 



fudfi'-^l^y = S{u,ufw) + S{w,u'^f) - S{uw,uf) 



Vn 



lim [S (m, Ukfw) + (u;, n^,/) - S {uw, Ukf)] 

k—>-oo 

lim [S {uk, Ukfw) + £ {w, ulf) - £ {ukW, Ukf)] 

k—^oo 

.in) 

'Vr 



lim / fukdfx^^l^^^y. (3.16) 



By Assumption 12.31 and [121 Corollary 1.4.15], we can show that snpk>i['£{ul, ul) + 
£{ulf,ulf) + £{ulw,ulw)] < oo. Then, we obtain by [121 Lemma L2.12] that 
ul — )■ M^, M^/ — > u^/ and u^ty — )■ u'^w weakly in D{£)v„ as /c — )■ oo. Hence by (13.21) 
we get 



= lim [£ {ul, fw) + £ {w, ulf) - £ {ulw, /)] 

fe— ^oo 

= hm / /o!/x2^^>- (3-17) 

By (I3.16P , (I3.17P and the dominated convergence theorem, to prove (13.150 , we may 
assume without loss of generality that u is equal to some Uk- Moreover, we assume 
without loss of generality that / > 0. 

For k,l EN, we define fk := f A {kK) and fk,i := /A+i/fc- By [H (3-9)], 
fk G D{£)y^i,; by [121 Proposition III.1.2], fk^i is (/ + l)-co-excessive. Since hn is 
1- co-excessive, 

< fk,l < khn- 

Hence fk,i G D(£^)y„,f, by noting that hn is bounded. By the dominated convergence 
theorem, to prove that (13.151) holds for any / G D{£)y^ }j, it suffices to prove that 
(I3.15P holds for any fk^i- 

Below, we will prove hS.ld^) for u = Uk and f = fk,i- 

Note that for any g G D{£)v„,b, 

limlE;,,,^[(Arr'[^l)^] < k\i^\E-,^.n^[{N-^^'^f] = 2A;e^"(iV"'t'^l) = 0. (3.18) 
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By Theorem I5.8( i) in the Appendix and fl3.18p . we get 



lim^E(^,,„,).„[(n,(X^) - u,{X^-)){w{X^-) - w{X^-))] 

+ lim^E^,,,^[(n,(Xr") - u,{X^-)nw{Xr-) - w{X^-))] 
lim[/(t) + //(t)]. (3.19) 



By (13.181) . Theorem I5.8( iii) in the Appendix and (13. 2p . we get 
hm/(t) = hm^i?(;,,„,).™(<M"'["'=],M"'["'l >i) 



hm- / < fi'-^l^^^^,fy"{fk,iUk) > ds 
40 t Jq 

2 



lim J I {uk, wfj'' {fk,iUk)) + S {w, UkfJ'' {fk,iUk)) 







-£{ukw,fj-{fk,iuk))]ds. (3.20) 



By [H Theorem 3.4], TY"-{fkjUk) — >■ fk,iUk in D{S)v„ as s — )■ 0. Furthermore, 
by Assumption EJl [El Corollary 1.4.15] and the fact that \e-'f^"{fk,iUk)\ < 
k\\uk\\oohn, s > 0, we can show that sup^^f^S{wTY"{fk,iUk),wTy"{fk,iUk)) < oo. 
Thus, we obtain by [121 Lemma 1.2.12] that wTy"{fk^iUk) — ?■ wfk^iUk weakly in 
D{£)v„ as s ^ 0. Similarly, we get UkfY'^{fk,iUk) Ukfk,iu weakly in D{S)v„ as 
s -> 0. Therefore, by fl3:20D and (D, we get 

lim/(t) = 2/ h,iUkdfi'-^l^^:,. (3.21) 

Note that 

im = ^i?/.,.™[(Mr'"^^'^)^Mr'['"ii + iE;,,,^[(Mr["'=i''=)^Mr''"^'i 

:= III{t) + IV{t). (3.22) 
By Burkholder-Davis-Gunday inequality, we get 

lim J/J(t) < (liml%,„[(Mr'["'=l''^)1)i/2(limiE^,,^[< M^'H-^^ >,])V2 
40 40 t ■' ' 40 t 

< C'(2fce^"(M"'M))i/2(iimiEj,,.^[< M"'["'=l''= >2])V2 (3.23) 
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for some constant C > 0, which is independent of t. 

By Theorem I5.8( i) in the Appendix, for any 5 > 0, we get 



40 t ■' • 7q ^ ' 

= lim-^Ej^^^.^lj^ E^y4< M<^''^'^ >(,_,)]rf < M<^^^'^ >,] 

< 2 < i5;.[< M"'["^l >5] ■ /iS,>, > . (3.24) 

Note that by our choice of Uk, there exists a constant Ck > such that Ex{< 
M^'t"'^] >s) = i?.[(Mf ["'=1)2] = E,.[(n,(X^) -n,(Xo^") -/;L^"n,(Xr")d.)2] < C, 
for any 5 < 1 and S-q.e. x G Ki- Letting 5 — 0, by fl3.24p . the dominated 
convergence theorem and fl3.23p . we get 

hm///(t) = 0. (3.25) 

By pn Theorem 11.33, integration by parts (page 68) and Theorem 11.28], we 
get 

+2(n,iI;)(X^^:,_)(«l(Xj^,_)/^,„)<,)^ 



li?^,,,^[-((nfe2^)(Xj^,_)/^(„)<,)^ 



+2((n,^)(Xj^,_)/^(„,<,)^Mr["^l''= 
< lE^,,,^[-((nfe2ri})(Xj:,_)/^(„)<,)P] 

+<l".[{(^~^'(^^") J^C(")<*)n']<'.™[< >^]. (3.26) 

By Theorem I5.8( i) in the Appendix, fl3.10p - fl3.12l) . we obtain that for 4'i,ip2 ^ 



.^..^i?;,_,„[((v;iV^2)(x^^:,_)/^(„)<,)n = [hidfi''^,,^^^ 



hm 



fk,i^i^2dK^'''> (3.27) 
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and 

\un]Ef^^,^[< M-'^^^^''^ >,] = [ (3.28) 
Furthermore, for any 5 > 0, 

limii?^,,,„[{((5^;S)(X^^"„,_)/^,„,<,)^}2] 

2 /■* ~~ ~~ 



=iim-E;,,^[y^ ((^iv^2)(x^r.)j^c(")<(*-))'°^«^((^iv^2)(x^r„)_)/c(")<. 

= lim ^Ej^mI e^v„ mM{xl;.,Jici^^<^t^^^^^^ 

<< i?.[(|^^|(X^^"„,J/^(„)<,)T -/x^f^^l^l^^l^X, > 

=< E.[|^|(X^^:,_)/^(„)<,] ■ h,i > . (3.29) 

Letting 5 — > 0, by f l3.29p and the dominated convergence theorem, we get 

limli?^,,„[{((V;;^)(X^^:,_)/^(„)<,)n'] = 0. (3.30) 

By dSD-dS^HD and f lCT]) . we get 

\imIVit) = - [ h^iUk^wdK^'^K (3.31) 

Therefore, the proof is completed by fl319D . (K2T\\ . (Km . (Km and flCTl) . □ 

Remark 3.3. When deriving formula i[3.13\) for non-symmetric Markov processes, 
we cannot apply Theorem \5 . 8\( vi) or (vii) in the Appendix of this paper to smooth 
measures which are not of finite energy integral. To overcome that difficulty and 
obtain Ii3.13\) in the semi-Dirichlet forms setting, we have to make some extra 
efforts as shown in the above proof. The proof uses some ideas of J3, Theorem 5.4] 
and fTB[ Theorem 5.3.2]. 

Theorem 3.4. Lei m G N, $ G C^(M™) with $(0) = 0, and u = (mi,M2, . . . ,Mm) 
with Ui G D{£)vr„b, I < i <m. Then $(m) G D{£)v„,b and for any v G D(^£)v„,b, 

m 

df^<Hu),v> = Y'^xX^)dn''<u,,^>. (3.32) 
1=1 

Proof. $(m) G D{£)y^^^i, is a direct consequence of Assumption 12.31 and the corre- 
sponding property of Dirichlet form. Below we only prove fl3.32p . Let v G D{£)Y^ h. 
Then (13.321) is equivalent to 

/ AnC?/x<$(„),^> = X] / f^n^xAu)dfx<u,,v>. \f f E D(^£)v„,b- (3.33) 

^ Vn i=l ^ 
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Let A be the family of all $ G C^iW^) satisfying ( K^ . If $, ^ G A, then 
G ^ by Theorem 13.21 Hence A contains all polynomials vanishing at the 
origin. Let O be a finite cube containing the range of u{x) = . . . ,Um{x)). 

We take a sequence {$'^} of polynomials vanishing at the origin such that — )■ $, 

-)■ 1 < z < m, uniformly on O. By Assumption [231 and [HI (3.2.27)], 
converges to w.r.t. £i" as A; — > oo. Then, by (12.81) . we get 

JV„ JVr, 

^ ||/||oo| / ^'^'^A''<'(^)(^^)_$fe(^^)> I ^ I / hndfl^^y \ ^ 

J Yn J Vn 



< 



= 2||/||ooe^"(M"'[*(")-*'(")l)i/2gy„^j\^n„H)i/2 

< 2||/|Ue^"(M'^'M)i/2[^c'„^Vn($(^) _ _ $fe(^))i/2 

•(||$(«)-$^(w)||oo^^(/i„,/i„)'/' 



Hence 



^ fhndn'^Jl^^^^,^ = Jim /^nc?/^<$fe(„),.>- 
It is easy to see that 

/ fhn^xAu)df^<u,,v> = lim / fhn^^ {u)dfxX,,v>, I < i < m. 
Jv„ Jy„ 

Therefore (I3.33P holds. □ 

For M,L G there exists a unique CAF < M, L > oi bounded variation 

such that 

E,{MtLt) = E,{< M,L>t), t> 0, S-q.e. x G K- 

Denote by y^^]^2.> ^'^^ Revuz measure of < M, L >. Then, similar to [5l Lemma 
5.6.1], we can prove the following lemma. 

Lemma 3.5. // / G L^(\4; yU<l/>) o-nd g G L'^ [Vn] fJ^^^l^) , then fg is integrable 
w.r.t. IfJ'^^M L>\ ^''^d 



{ [ I fg I d I 1)^ < / / g'df, 

JVn JVn JVn 



2^,,{") 

<L>- 



Lemma 3.6. Let M G Ai^" and f G L^(V^; /i^2^^). T/ien i/iere exists a unique 
element f ■ M e M^" such that 

e^"(/ ■M,L) = \ f fhM:lL>^ VL G 



2 
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The mapping f ^ f ■ M is continuous and linear from L'^{Vn', fi^^ljy) into the 
Hubert space {M^";e^"). 

Proof. Let L G Ai^". Then, by Lemma [3.51 we get 

^ JV„ V ^ JVn JVn 

Therefore, the proof is completed by Lemma 12.51 □ 

Similar to [5l Lemma 5.6.2, Corollary 5.6.1 and Lemma 5.6.3], we can prove the 
following two lemmas. 

Lemma 3.7. Let M,L e M^" . Then 

(i) c//i!5.A;,i> = fdn%^L> for f e L'^{Vn;fi%j^). 

(tt) g-{f-M) = (gf) -Mforfe L\Vn, and g E L'{Vn, fW<M>)- 

(Hi) e^"(/ ■ M,g ■ L) = \j fgKdn^^^ for f G L2(K;;U<i>) 9 e 

Lemma 3.8. The family {f ■ M"" \ f E D{£)vn,b} is dense in {M^",e^"). 

Theorem 3.9. Let m G N, $ G Ci(]R™) with $(0) = 0, and u = {ui,U2, 
with Ui E D{S)v„,b! 1 < i < m. Then 

m 

MMu)],c ^ J2 . M["']'^ P^-a.s. for S-q.e. x E (3.34) 

i=l 

Proof. Let v E D{S)vn,b and f,g E D{£)y^ ij. Then, by Lemma [3n (iii) and Theo- 
rem [231 we get 

e^"(/■M'^'[*Wl'^^■M'^'H) = ffhM%n,n^,u,M^A^,> 



Vn 

n,c 



n,c 



1 f ~ - 

2^ f9hn'^xAu)dn[ 
1=1 

1=1 

m 

e^"(^(/$^,(M)) ■ M"'["'l'^^ ■ ikf^'M). 



1=1 
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By Lemma 1X51 we get 

m 

I ■ M"'!*^!''^ = ■ M"'["']'^ P,-a.s. for £-q.e. x e K- 

8=1 

Therefore, (13 .34^ is satisfied by Lemma l37rr ii). since / G D{£)v„,b is arbitrary. □ 

Let M G Mioc- Then, there exist {K}, {^n} G 6 and {M" | M" G such 
that En C 14, MtArE„ = Wate„^ t > 0, G N. We define 

< M >t^^^^:=< >t;,rE^; < M >t:= Mm < M for t > C- 

Then, we can see that < M > is well-defined and < A-f > is a PCAF. Denote by 
fi<:M> the Revuz measure of < M >. We define 

Ll^{E; ^i<M>) := {/ I 3 {K}, {^n} G O and {M" | M" G such that 

E„ C K, M^.,^ = M,;,^^ , / ■ Ie^ G t > 0, n G N} 

For / G Ll^{E- /i<M>), we define / • M on |0, Cl by 

(/ ■ MU^^^ := ((/ ■ J^J ■ M")*^.,,^, t > 0, n G N. 

Then, we can see that / ■ M is well-defined and / ■ M G Mf^f^. Denote by M" the 
continuous part of M. 

Finally, we obtain the main result of this section. 

Theorem 3.10. Suppose that {S, D{£)) is a quasi-regular local semi-Dirichlet form 
on L'^{E;m) satisfying Assumption \2.3[ Let m G N, $ G C^{W^), and u = 
(mi,M2, . . . ,Mm) with Ui G D{£)ioc, 1 < i < m. Then G D{£)ioc and 

m 

MMu)],c = ^$^^(^) . M^u,],c [Q^^^,^ P^-a.s. for S-q.e. x e E. (3.35) 

Proof. Since 1 G D{S)ioc, $(n) G D{£)ioc by Theorem 13.41 Hence (I3.35P is a direct 
consequence of (I3.34p . □ 

4 Examples 

In this section we investigate some concrete examples. 
Example 4.1. We consider the following bilinear form 

g{u,v)= [ u'v'dx+ [ bu'vdx, u,v e D{S) := Hq'"^ (0,1). 
Jo Jo 
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(i) Suppose that b{x) = x"^ . Then one can show that {S,D{S)) is a regular local 
semi-Dirichlet form (but not a Dirichlet form) on L^((0, 1); dx) (cf. [T3[ Remark 
2.2(ii)]). Note that any u G D{£) is hounded and \— Holder continuous by the 
Sobolev embedding theorem. Then we obtain Fukushima's decomposition, u{Xt) — 
u{Xo) = m]"^ + nI^\ by Lemma \2. ^ where X is the diffusion process associated 
with {£,D{£)), MM is an MAP of finite energy and A^'"^ is a CAP of zero energy. 

(a) Suppose that b{x) = ^/x. By flR Remark 2.2(ii)], {£,D{£)) is a regular local 
semi-Dirichlet form but not a Dirichlet form. Let u G D{S)ioc- Then we obtain 



Pukushima's decomposition 1^2. 4\) by Theorem\2^. 

If u & D{£) satisfying supp[m] C (0,1), then we may choose an open subset V 
of {0, 1) such that supp[m] C C (0, 1). Let X^ be the part process of X w.r.t. V. 
Then we obtain Pukushima's decomposition, u{X^) — u{X^) = M^^'^"' + n1^'^^\ by 
Lemma \2. 61 where M^'I^l is an MAP of finite energy and iV^''*'] is a CAP of zero 
energy w.r.t. X^ . 

Example 4.2. Let d>3,U be an open subset ofW^, cr, p E Ll^^{U; dx) , a,p > 
dx-a.e. Poru,v G C^{U), we define 

d 



Assume that 



{8p,C'^{U)) is closable on L^(U; adx). 
Let aij,bi,di G L]^^{U]dx), 1 < i.j < d. Poru,v G C^{U), we define 

^/ N OU OU , ou . , 

£{u,v) = } ^^^(^ijdx+y ^ I —vbidx 
Ju dxi dxj ^ Ju dxi 

+ [ u— — didx + I uvcdx. 
Ju dxi Ju 



Set Qij := l{aij + aji), hij := \{aij - a^i), b := {bi, . . . , bd), and d := {di, . . . ,dd). 
Define P to be the set of all functions g G Ll^^{U;dx) such that the distributional 
derivatives 1 < i < d, are in L\^^{U]dx) such that \\V g\\{gcr)^'2 G L°°{U]dx) 
or II V(7 11^(5'^^"'^ (T^/^)^5 G L'^{U ; dx) for some p,q E (1, 00) with ^ + ^ = 1, p < 00, 
where \\ ■ \\ denotes Puclidean distance in M"'. We say that a B{U) — measurable 
function f has property (Ap,cr) if one of the following conditions holds: 

(t) f{pa)-h eL^{U-dx). 

(a) /*'(//'+V^/^)~5 G L'^{U, dx) for some p,q E (1, 00) with ^ + ^ = 1, p < 00, 
and p E F . 

Suppose that 
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(C.I) There exists r] > such that T,tj=i ^iMi > ^liP> = (6, . . . , ^d) e M'^. 
(C.II) hijp-^ e L'^iU; dx) for l<i,j <d. 

(C.III) For all K C U, K compact, + and Irc^^"^ have property (Ap.o-), 
and (c + aoa)dx — Ylt=i If ^'^ ^ positive measure on B{U) for some ao G (0, oo). 

(CIV) \\h — d\\ has property (Ap,o-)- 

(CV) b = + such that ||^||, ||7|| G L]^^{U, dx), {a^a + c)dx - E? §7 «s a 
positive measure on B{U) and has property (Ap,cr). 

Then, by figj Theorem 1.2], there exists a > such that {Sa,C^{U)) is closable 
on L'^{U;dx) and its closure {Sa, D{Sa)) is a regular local semi- Dirichlet form on 
L'^{U;dx). Define ria{u,u) := £a{u,u) — f {Vu, f3)udx for u G D{£a). By ^Bi 
Theorem 1.2 (ii) and (1.28)], we know {r]a, D{S)a) is a Dirichlet form and there 
exists C > 1 such that for any u G D{Sa), 

^r]a{u, u) < Sa{u, u) < Cr]a{u, u). 



Let X be the diffusion process associated with [Sa, D{Sa)) . Then, by Theorem \2.4 



Fukushima's decomposition holds for any u G D{S)ioc- Moreover, the transforma- 
tion formula liS. 35\) holds for local MAFs. 

Example 4.3. Let S be a Polish space. Denote by B{S) the Borel a-algebra of S . 
Let E := J\4i{S) be the space of probability measures on {S,B{S)). For bounded 
B{S) -measurable functions f,g on S and ^ E E, we define 



M/) := / /tZ/i, {f,9),:=Kf9)-Kf)-K9). 11/11. :=(/, 
Js 

Denote by TC^ the family of all functions on E with the following expression: 

u{fi) = Mfi), • • • , Kfk)), f^ G C,{S), l<z<k,^e Co^(M'=), keK 

Let m be a finite positive measure on {E,B{E)), where B{E) denotes the Borel 
a-algebra of E. We suppose that supp[m] = E. Let b : S x E ^ be a measurable 
function such that 

sup ||&(/i)||p < oo, 

where b{fi){x) := b{x,fi). 
For u,v E J^C^ , we define 



J E 

where 

Vu{fi) := (VxM(/i))x'g5 := (^^"('" + -^^^ 
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0/ xes 



We suppose that {S'^,J-'C^) is closable on L'^{E]m). Then, by IT^ Theorem 3.5], 
there exists a > such that {S^,J^C^) is closable on L'^{E;m) and its closure 
{£^, D{£^)) is a quasi-regular local semi-Dirichlet form on L'^{E;m). Moreover, 
by ITSj Lemma 2.5], there exists C > 1 such that for any u G D{£^, 

Let X be the diffusion process associated with {£^, D{£^)) , which is a Fleming- 
Viot type process with interactive selection. Then, by Theorem \2.4l Fukushima's 
decomposition holds for any u G D{£^)ioc. Moreover, the transformation formula 
holds for local MAFs. 



5 Appendix: some results on potential theory 
and PCAFs for semi-Dirichlet forms 

Let E he a. metrizable Lusin space and m be a a-finite positive measure on its 
Borel (T-algebra B{E). Suppose that {£,D{£)) is a quasi-regular semi-Dirichlet 
form on L'^{E;m). Let K > be a continuity constant of {£,D{£)), i.e., 

\£i{u,v)\ < K£i{u,uy/^£i{v,vy^^, W,veD{£). (5.1) 

Denote by (Tt)t>o and {Ga)a>o (resp. (Tt)t>o and {Ga)a>o) the semigroup and resol- 
vent (resp. co-semigroup and co-resolvent) associated with {£,D{£)). Then there 
exists an m-tight special standard process M = {fl,J-', {J^t)t>o, {Xt)t>o, {Px)xeE^) 
which is properly associated with {£,D{£)) (cf. [131 Theorem 3.8]). It is known 
that any quasi-regular semi-Dirichlet form is quasi-homeomorphic to a regular 
semi-Dirichlet form (cf. [3 Theorem 3.8]). By quasi-homeomorphism and the 
transfer method (cf. |2] and [121 VI, especially. Theorem VI. 1.6]), without loss of 
generality we can restrict to Hunt processes when we discuss the AFs of M. 

Let A C E and / G D{£). Denote by fA (resp. /a) the 1-balayaged (resp. 
1-cobalayaged) function of / on A. We fix (p & L'^{E;m) with < < 1 m-a.e. 
and set h = Gi(j), h = Gicj). Define for U G E, U open, 

cap^{U) := {hu,<p) 

and for any A G E, 

cap^(74) := inf {cap^(?7) \AcU,U open}. 

Hereafter, (-,■) denotes the usual inner product of L'^{E]m). By [T3l Theorem 
2.20], we have 

cap^(y4) = {hA,(p) = £i{hA,Gi(f)). 
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Definition 5.1. A positive measure fi on {E,B{E)) is said to be of finite energy 
integral, denoted by Sq, if fi{N) = for each S-exceptional set N G B{E) and there 
exists a positive constant C such that 

I \v{x)\^i{dx) < CSiiv^vY^^, e D{£). 
Je 

Remark 5.2. (i) Assume that {S,D{S)) is a regular semi-Dirichlet form. Let /i 
be a positive Radon measure on E satisfying 

I \v{x)\^{dx) < C£i{v,vf'^, e Co{E) n D{£) 

J E 

for some positive constant C , where Cq{E) denotes the set of all continuous func- 
tions on E with compact supports. Then one can show that n charges no £- 
exceptional set (cf. ^ Lemma 3.5]) and thus fi & Sq. 

(a) Let fi E So and a > 0. Then there exist unique UafJ. G D{£) and Uafi G D{£) 
such that 

£a{Uall,v)= I V{x)l2{dx) = £a{v,UalJ')- (5.2) 

Je 

We call Uafi and UafJ' a-potential and a-co-potential, respectively. 

Let u G D[£). By quasi-homeomorphism and similar to |2l Theorem 2.2.1] (cf. 
/2l Lemma 1.2]), one can show that the following conditions are equivalent to each 
other: 

(i) u is a-excessive (resp. a-co-excessive). 

(a) u is an a-potential (resp. a-co-potential). 

(Hi) £a{u,v) > (resp. £a{v,u) >0), Wv G D{£), v >0. 

Theorem 5.3. Define 

^00 ■~ {/^ ^ 'S'o I Uifi < cGicf) for some constant c > 0}. 

Let A G B{E). If fi{A) = for all fi G S^q, then cap^{A) = 0. 

Proof. By quasi-homeomorphism, without loss of generality, we suppose that 
{£,D{£)) is a regular semi-Dirichlet form. Assume that A G B{E) satisfying 
fJ^{A) = for all /i G Sqq. We will prove that cap^{A) = 0. 

Step 1. We first show that fi{A) = for all fi E Sq. Suppose that fi E Sq. By [TU 
Proposition 4.13], there exists an £^-nest {Fk} of compact subsets of E such that 

Gi4>, Uiji G C{{Fk}) and Gi^ > on Fk for each /c G N. Then, there exists a 
sequences of positive constants {ak} such that 

f/i/i < akGicf) on Fk for each /c G N. 
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Define = Ui^Ipk ■ /^) and set Vk = Uk A akGi(f) for k E N. Then Uk < Ui^i < 
ttkGicf) £-q.e. on F^. By fl5.2p . we get 

Si{vk,Uk)= Vk{x)fi{dx) = Uk{x)fi{dx) = Si{uk,Uk). 

Since Wfc is a 1-co-potentiaI and < Uk m-a.e., Si{vk—Uk,Vk—Uk) = £i{vk—Uk,Vk) — 

Eiivk — Uk,Uk) < 0, proving tliat Uk = Vk < akGi(t> rn-a.e. Hence 1^^ ■ /i G Sqq. 

Tlierefore ^{A) = by tlie assumption tliat A is not cliarged by any measure in 
c* 

^00- 

Step 2. Suppose tliat cap^(y4) > 0. By pLSj Corollary 2.22], there exists a compact 

set K C -B such that cap0(i^) > 0. Note that (Gi0)i^ G D{£) is 1 -co-excessive. 
By Remark [5. 2r ii). there exists u,-^, G 5*0 such that 

(Gi<t>)K 

= Si{Gi<P,{Gi<P)k) 
Gicpdn 

^ {Gi4>)k 

For any v G Co(K'^) fl D(£), we have f vd^ = £i(v, (Gi(f))K) = 0. Since 

(Gi4>)k 

Co(K'^) n D(S) is dense in Go(K'^), the support of is contained in K. Thus, 

Gi(p 

by 05.31) . we get fi-^— (K) > 0. Therefore cap0(y4) = by Step 1. □ 

Gi(p 

Theorem 5.4. The following conditions are equivalent for a positive measure fi 
on {E,B{E)). 

(i) jj, E S. 

(a) There exists an S-nest {Fk} satisfying Ip^. ■ fi E Sq for each k eN. 

Proof, (ii) =^ (i) is clear. We only prove (i) =^ (ii). Let {S,D{S)) be the symmet- 
ric part of {S,D{S)). Then {S,D{S)) is a symmetric positivity preserving form. 
Denote by {Ga)a>o the resolvent associated with {S,D{£)) and set h := Gif. 
Then {£^, D[£^)) is a quasi-regular symmetric Dirichlet form on L'^{E; h? -m) (the 
/i-transform of {Si, D{S))). 

By [ini pages 838-839], for an increasing sequence {Fk} of closed sets, {Fk} is 
an £^-nest if and only if it is an £^f-nest. We select a compact 6^f-nest {Fk} such 

that h is bounded on each Fk- Let fi E S{S), the family of smooth measures w.r.t. 
{E,B{E)). Then /i G S{Si), the family of smooth measures w.r.t. {S^, D{S^)). 
By [5l Theorem 2.2.4] and quasi-homeomorphism, we know that there exists a 
compact S^-nest (hence £^-nest) {Jk} such that Ij^^- n E Sq{£^). Then, there exists 
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a sequence of positive constants {C^} such that 

/ \~g\IJ,d^^<C,£l{g,gf\ \/9 e D{S'). 

JE 

We now show that each Ip^nJ^ " ^ Sq{£), which will complete the proof. In 
fact, let / G D{£). Then f e D{S'^) and 

< II^IfJIoo [ lU^J^dfi 



E 



h 

< \\h\pJUC,S'^{f/hJ/h) 



Since / G D{£) is arbitrary, this implies that Ip^nj^ ■ y^t G 5'o(£'). □ 
Lemma 5.5. For any u G D{£), v G 5*0, < T < oo and e > 0, 

IX^I'^P^ I 1/2 

P,( sup |M(Xi)| >£) < 8i{u,uf'^8^{UruAy) ■ 

0<t<T £ 

Proof. We take an £^-quasi-continuous Borel version u of u. Let A = {x E 
E\\u{x)\ > e} and := inf{t > 0\Xt E A}. By pTOl Theorem 4.4], 
if^lwl := [e'^^-^lMK^o-^)] is an £'-quasi-continuous version of \u\a- Then, by 
Proposition 2.8(i) and (2.1)], we get 



P,( sup \u{Xt)\ >e) < 



e'^E4e-'^^\u\{X^^)] 



0<t<T £ 

lulAdu 



T 

e 



e Je 
= —Si{\u\a,Uiv) 



□ 



By Lemma [5.51 and Theorem 15.31 similar to [5l Lemma 5.1.2], we can prove the 
following lemma. 
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Lemma 5.6. Let {un} be a sequence of £- quasi continuous functions in D{£). If 
{Un\ is an Si-Cauchy sequence, then there exists a subsequence {un,.} satisfying 
the condition that for S-q.e. x & E, 

Px{un^{Xt) converges uniformly in t on each compact interval of [0, oo)) = 1. 

In [3], Fitzsimmons extended the smooth measure characterization of PCAFs 
from the Dirichlet forms setting to the semi-Dirichlet forms setting (see |3l Theorem 
4.22]). In particular, the following proposition holds. 

Proposition 5.7. (cf. |3, Proposition 4-^'^]) For any /i G 5*0, there is a unique 
finite PCAF A such that E^^J^ e~^dAt) is an £- quasi- continuous version ofUifi. 

By Proposition 15.71 and Theorem 15.41 following the arguments of [5], Theorems 
5.1.3 and 5.1.4] (with slight modifications by virtue of [T3l[T^ [T0] and [H Theorem 
3.4]), we can obtain the following theorem. 

Theorem 5.8. Let fi ^ S and A be a PCAF. Then the following conditions are 
equivalent to each other: 

(i) For any -co- excessive function (? (7 > 0) in D{£) and f G B^{E), 

lim ^Eg.^{{fA)t) =<f-fi,g>. (5.4) 

(ii) For any ^-co-excessive function g {'~f > 0) in D{£) and f G B^{E), 

a{9,U2'^y) t < f ■ f^,9>, a too, 

where U%f{x) := E,{j^ e"'^' f{Xt)dAt). 

(ill) For anyt>0, g e B+{E) n ^^{E; m) and f G B+{E), 

Eg.^{{fA)t)= [ <f-^,f,g>ds. 
Jo 

(iv) For any a>0, g e B+{E) n ^^(E; m) and f G -B+(^), 

{g.Ulf) =< f-fi,Gag > . 

When /i G 5*0, each of the above four conditions is also equivalent to each of the 
following three conditions: 

(v) U\l is an S- quasi- continuous version ofUifi. 

(vi) For any g G B+{E) n D{£) and f G B^{E), 

lim ^Eg.m{{fA)t) =< / . /i, ^ > . 
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(vii) For any g G B+{E) H D{S) and f E B^{E), 

lim a{g,Uy) =< f ■ fi,g> . 

The family of all equivalent classes of PCAFs and the family S are in one to 
one correspondence under the Revuz correspondence ( [5.^[ j. 

Given a PCAF A, we denote by fi^ the Revuz measure of A. 

Lemma 5.9. Let A be a PCAF and v G S'qq. Then there exists a positive constant 
Cy such that for any t > 0, 

Eu{At) < C,{l + t) I hdfXA. 

Je 

Proof. By Theorem 15. 4[ we may assume without loss of generahty that fi^ £ 5*0. 
Set = Ex{At). Similar to [Ml page 137], we can show that q G D{S) and for 
any v G D{S) 

8 {Ct, v) =< flA, V -ftV > . 

Let e S^Q. Then 

E^{At) = <iy,ct> 
= £i{ct,Uiiy) 

< < flA, Uii^ > + < Ct, Uil^ > 

< C^[<fiA,h>+Ef^,JA,)] 

for some constant > 0. Therefore the proof is completed by (15 ■4p . □ 
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